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INTRODUCTION
One of the be st known mathematical constants is
rr .

This constant is helpful in expressing many well - known

mathematical relationships , and men throughout history
have tried to find the correct value of

TI .

The correct

value of rr is

3. 1415926535897932384626433832795028841971693993751058 ···.
This paper is about the history of

TI

and how man , through

increased knowledge , has devised new and more intelligent
ways to evaluate the true value of

TI .

The paper begins with the early history of rr in
different countries .

At first it seems that most values

were from relationships of the diameter, radius, and cir cumference of physical objects .

Several values probably

were just guesses that worked reasonably well .

This is

followed with the section on the Greeks who were the ones
that made use of the method of exhaustion in which an
enclosed polygon of many sides approaches the area of a
circle .

This is also called the classical method, and

it was used up into the seventeenth century .

Following

the chapter on the classical method is the chapter on
series .

The accurate values of

TI

that we now have, have

been made possible with thew ork of different series.
The final chapter deals with the different methods of

1

2
approximating

TI

by use of probability and statistics.

CHAPTER I
THE EARLIEST KNOWN VALUES OF PI UP TO
THE TIME OF THE GREEKS
The earliest values of TI that .we know about today
are values that architects and surveyors of Egypt, China,
and Babylon used in measuring circular arcs and areas.
These values resulted essentially from trial and error
methods and were practical in the simp le needs of the
early civilizations.
used for TI was three.

In the ancient orient the value
The Babylonians, in order to find

the area of a circle, . took 1/12 of the square of the circumference.
1600 B.C.

The date for these values is from 2000 to

1

The earliest written records that gave directions
to find the area of a circle are found in Egypt on the
Rhind papyrus dating back to 1700 B.G.

If A represented

the area of the circle and d the diameter then:

1/9

A= ( d -

d )

2

•

If we substitute 2r in place of d, we then get:
A = 256/81 r
1

2

.

Dirk J. Struik, The Beginnings--The Beginnings
in Western Europe, Vol. I of A Convise History of Mathematics (2 Vols.; New York: Dover Publications,"""Tnc.,
1948 ) , p. 29 •

3

4
This ratio 256/81 in decimal form is 3 . 16050 • •• •

2

The

error between this value and the accepted value of today is o . 6% .
Also there existed in India, around 500 B. C.,
I

-

the so-called Sulvas utras which contains mathematical
rules which may be of ancient native origin .

These

r u les are found among ritualistic prescriptions , of
which some deal with the construction of squares and
rectangles as well as expressions for the relation of
the diagonal to the sides of the squares .

There are

a few approximations in terms of unit fractions such as :
n

= 4(1

TI=

- 1/8 + 1/8 . 29 - 1/8 . 29 . 6 + 1/8 . 29 . 6 . 8)2:, and

18(3 - 2~)

= 3 . 0884 .

I

These results of the Sul -

vasutras do not occur in later Hindu works .

The conti-

nuity of tradition in Hindu mathematics, which is so
typical of its Egyptian and of Babylonian counterparts ,
may be absent in India .

There may have been different

traditions relating to various schools .

It is known

that Jainism , which is as ancient as Buddhism , encouraged mathematical studies ; in the sacred books of Jaina
the value of n is found .

TI

equals the square root of

ten w h ich equals 3 . 162278 . 3
In the old testament there are two passages
2

william H. Glenn , and Donovan A. Johnson,
Number Patterns ( "Exploring Mathematics on Your Own" ;
St . Louis: Webster Publishing Co ., 1960) , p . 37 .
3struik, op . cit . , p . 33 .

5
which make reference to the value of n as being
is in Kings I chapter
ter

4

verse 2.

3.

This

7 verse 23 and Chronicles II chap-

The second passage is very similar to

the first.
"And he made a molten sea, ten cubits from
the one brim to the other: it was round all
about, and his height was five cubits: and
line of thirty cubits did compass it round
about 0 • 4
Each civilization, therefore, had its own value
of n as is shown by the varied values that each used;
however, these different values must have been sufficient
for the limited use that each had for n.

4I

Kings

7:23.

CHAPTER II
CONTRIBUTION OF THE GREEKS
The three famous problems in Geometry are known
as the three problems of Antiquity .

They are trisecting

the angle , duplicating the cube , and squaring the circle . 5
Squaring the circle, also called the quadrature problem ,
means to construct a square equal in anea to a given circle .

The problem is to be carried out by construction

with straightedge and compass .
the area would be rr .
square is

If the radius is 1 then

This means that each side of a

y-:rr- .
The first Greek to be connected with the problem

of squaring a circle was Anaxagoras in 500-428 B. C .
supposedly worked on it while in prison .

He

Hippocrates of

Chios squared certain lunes in the hope that these investigations might show a way towards the solution of the
main problem .
The next important contribution to the subject
wa s that of Antiphon , the Sophist- - a contemporary of
Socrates .

Antiphon tried the method of inscribing sue -

cessive regular polygons in a circle .

According to some

5Karl H. West Jr ., Supplementary Geometry (Englewood Cliffs , N. J .: Prentice Hall Inc ., 1964), p . 31 .

6

7
writers, he began with a square; according to others,
with an equilateral triangle.

He then inscribed an

isosceles triangle with its vertex on the smaller segment cut off by the circle and having twice the number
of sides.

Proceeding in this way, and doubling contin-

ually the number of sides in the inscribed polygon, he
thought (so we are told) that in this way the area of
the circle should be used up, and he would have a polygon inscribed in the circle, the sides of which would,
owing to their smallness, coincide with the circumference
of the circle.

Assuming that it is possible to make a

square equal to any polygon, Antiphon would then be able
to make a square equal to the circle.
Aristotle said that Antiphon was in error in
this assumption.

Aristotle said that geometers were not

even called on to refute Antiphon's argument because it
was not based on the then admitted principles of geometry.
According to Endemus, the principle which Antiphon's
argument violated was the principle that magnitudes are
divisible without limit; for, if this is true, Antiphon's
process will never use up the whole area of the circle,
or make the sides of the polygon coincide with the circumference.

Antiphon's bold pronouncement was of great

significance because it contained the germ of the famous
method of exhaustion and, ultimately, of the integral
calculus.

The defect in his statement was little more

than verbal, for he had only to put it in the more cautious form of saying, as Euclid, that if the process be

8
continued far enough, the segments left over will be together less than any assigned area . 6
Hippias of Elis, a near-contemporary of Hippocrates of Chios, invented the Hippian quadratrix in

450

B . C. for the express purpose of squaring the circle.

A century or so later, the Hippian solution was restored
and amplified by Dinostratus, a member of Plato's Academy
and a brother of Menaechmus of conic sections fame .
Pappus .and other commentators have given a good description
of the curve

its~lf,

but their explanations as to how the

qu adratrix was applied by Hippias and Dinostratus to the
quadrature problem are far from satisfactory .
The problem was to construct a quadrant of a circle the area of which was equal to that of a given triangle.
Actually Hippias could only approach the area of the circle .

Working through the procedure and interpreting the

results, the Hippian quadrature was an attempt to define
the ratio of a circumference of a circle to its diameter
as a limit of an infinite process .

The analytical coun-

terpart to this graphical procedure is the formula :
x

= Lim
y~o

y

tan(rr)

2

=2
y

This was one of the formulae which Archimedes, two centuries later, used in determining rational approximations
to rr .

Hippian quadratrix was the first curve other than

the circle of which there is any historical record .

In

6Thomas L . Heath , A Manual of Greek Mathematics
(London : Oxford University-Press , 1931) , pp . 140- 141.

9
the treatment of the curve, Hippias employed the first
recorded venture into the field of infinite processes.7
Another Greek was Archimedes who lived from 287
to 212 B.C.

He used two ways to solve the problem of

squaring the circle.

The first one to be explained in-

volves the Archimedes' Spiral.

In his book, On Spirals,

he discusses a curve that is traced as a point P moves
uniformly along a ray.
O.

This ray rotates uniformly about

The equation of this curve in modern polar coordinates

is r

=a e

where

e '>-

o.

call Archimedes' Spira1.

This is what we appropriately

8

I

I

B

I

I
I

II

Archimedes found many interesting properties
about this curve.

One being that as the point P moves

through 360 degrees the area bounded by this curve and
a line drawn from 0 to A is equal to one-third the area
of a circle with radius OA.

If a line AB is drawn tangent

7Tobias Dantzig, The Bequest of the Greeks(New
York:

Charles Scribner 's Sons,

8

1955),

pp.

138-141.

Asger, Aaboe, Episodes From the Earlx History of
Mathematics (New York: Random House, The L.W. Singer Co.,
1964 ) ' p • 79 •

10
to the spiral at A and OB is perpendicular to OA, then
OB is equal to the circumference of the circle of radius
OA.
In The Measurement of the Circle Archimedes proves
that the area of a circle of radius (r) is equal to that
of a triangle whose base is equal to the circumference (c)
of the circle and whose height is r, or A

= 12

re.

Though

Archimedes does not state it explicitly, this implies that
the area of triangle OAB is equal to the area of the circle of radius OA.

Thus Archimedes has succeeded in both

rectifying and squaring the circle.
The second way that he used was the method of exhaustion.

This is also known as the classical method that

Archimedes used in his treatise, Measurement of a Circle.
He assumed the length of the circuwference of a circle lies
between the perimeter of any inscribed polygon and that of
any circumscribed polygon.

As it is possible to compute

the perimeters of the inscribed and circumscribed polygons,
we can then get bounds for

rr.

Archimedes kept taking twice

the number of sides for the polygons until he reached 96
sides.
or

The value of

rr was found between 223/71 and 22/7

3.1409<rr<3.1429. 9
Claudius Ptolemy of Alexandria in 150 A.D. derived

from the table of chords of his "Almagest'' the value of rr.
This table gives the lengths of the chords of a circle

9Howard Eves, An Introduction to the History of
Mathematics(New York: Rrnehart and Co.-,-I:O.C:-, 1955), p. 90.

11
subtended by central angles of each degree and half degree.
.

If the length of the chord of the 1
tiplied by

0

central angle is mul-

360, and the result divided by the length of the

diameter of the circle, the value of TI is obtained.

vvrk,
is

TI is given in sexagesimal notation as

In the

38 ' 30", which

377/120 or 3. 1416 . 10
With more knowledge, man was not satisfied to mea-

sure physical objects but wanted a more accurate way to
evaluate TI .

From the Greeks we get the beginning of the

classical method for evaluating TI .

lOibid . , p . 91 .

CHAPTER III
THE AGE OF CLASSICAL METHOD
In China there were several values of TI used, but
these seem to have come from some place else.
known for sure how these values were obtained.
in 125 A.D. used~ for TI.
earlier.

It is not
Ch'ang Hong

This was also used in India

In 265 A.D. Wang Fan used TI

Tsa Ch'ung Chi in 470 A.D. found the
11
3.1415929.

= 142/45 = 3.1555.
value TI = 355/133 =

The early Hindu mathematician Aryabhata in 530 A.D.
gave 62,832/20,000

= 3.1416

as an approximate value for TI.

It is not known how this result was obtained.

It may have

come from some earlier Greek source or, perhaps, from calculating the perimeter of an inscribed polygon of 384 sides.

12

The Hindu mathematician, Bhaskara, in 1150 A.D. gave
several approximations for n.

He gave 754/240

= 3.1416

as

a value of TI although this same value was given by Ptolemy
years before.

He gave 3927/1250 as an accurate value, 22/7
as an inaccurate value, and~ for ordinary work. 1 3
11
12

Glenn and Johnson, op.cit., p. 38.
Eves, op.cit., p. 90.

l3Ibid.
12

13
In 1579 Francois Vieta found rr by the classical
method which Archimedes had used centuries before .
used a polygon gaving 6(2

16

= 393,216

)

1
sides . 4

Vieta

He also

1
expressed rr as an infinite product ; that is 5

2
rr -

072 . vl/2

+ 1/2 072

. vl/2

+ 1/2 \/1/2 + 1/2 vT72

Adriaen Van Roomen , more commonly referred to as
Adrianus Romanus, of the Netherlands , found TI correct to
15 decimal places by the clas s ical method, using polygons
having 23° sides in 1)93 .

16

In 1610 Ludolph Van Cenlen of Germany computed TI
to

35

decimal places by the classical method , using poly-

gons having 2

62

sides .

He spent a large part of his life

to thi s task and his achievement was considered so extraordinary that the number was engraved on his tombstone .
In Germany to this day , it is frequently referred to as
"the Ludolphian number ". 1 7
The Dutch physicist Willebrord Snell in 1621 devised a trigonometrical improvement of the classical
method for computing TI so that from each pair of bounds
on TI , given by the classical method, he was able to ob tain considerable closer bounds .

Grienberger in 1630

l4Ibid .
l5Glenn and Johnson , op . cit ., p . 38 .
16

Eves , op . cit ., p . 92 .

17 Ibid .

14
used Snell ' s rerinement and computed rr to 39 decimal
places.

18
It is interesting to note that the Japanese

during this time were evaluating

TI .

They were several

years behind Europe and probably got most of th®ir know ledge from there .

In 1663 Muramatsu used an inscribed

polygon of 327 8 sides and round rr

= 3 . 14159264877 •.•• 19

Man used the classical method and expanded it to
the point where the polygons had 2 62 sides .

For the f irst

time Francois Vieta had expressed the value of rr as a
regular mathematical pattern .

Also , it is at this time

that another big movement took place in the evaluation
or

TI .

Man started to use a series to evaluate rr .

18 Ibid .
19 navid E . Smith and Joshio Mikami , A History or
Japanese Mathematics(Chicago :
Co ., 1914) , P• 78 .

The Open Court Publishing

CHAPTER IV
THE EVALUATION OF PI BY THE SERIES
Wallis in 1655 applied analysis in place of the
ancient geometry to evaluate

TI.

His methods of dealing

with infinite processes were often crude, but he obtained
new results.

He introduced infinite series and infinite

products and used imagineries, negative and fractional exponents. 20

He started with

f

Sinnx dx

n > 1

By applying the method of integration by parts and examining when n is even and when n is odd, followed by a
division of the latter two, gave Wallis;
TI

=2

• 2

I

3

4 .

5

6 • 6 •••

5

7

• fsin 2 mx dx
2m
•
2m
(2m-l)
(2m+ 1)
sin 2 m-lx dx

f

Since this last quotient of the two integrals converges to
21
1 as m ~ ~ we then have :
TI

2

= 2

I

6 •••

5'

2m
(2m - 1)

2m
(2m + 1)

20

nirk, J. Struik, The Seventeenth Century--The
Nineteenth Century, Vol. II of A Concise History of Mathematics (2 vols.; New York: Dover Publications, Inc., 1948),
p. 141.
21

Herman Harris, Jr., The History and Calculation
of Pi, VIII, No. 1 (September 1959) (Emporia, Kansas: The
Emporia State Research Studies), p. 20.

15

16
I wrote a program for this series and ran it on
the computer at Eastern Illinois University .
that it converged very slowly .

I found

When n equaled 343, TI

equaled 3 . 13930005 .
In 1671 the Scotch mathematician James Gregory
obtained the infinite series :
arc tan x = x - x 3/3 + x5/5 - x 7 /7 + ·•• (-l<x<l) .
Gregory also attempted to prove that a Euclidean solution
. possi.bl e . 22
of t h e quadra t ure pro bl em is
Abraham Sharp in 1699 found 71 correct decimal
23
places by using Gregory's series with x =~
TI

b

2
=v'173(1 - 1/3 . 3 + 1/3 . 5 - 1/3 3 . 7 +• •• ) .

In 1700 Leibniz used x = 1 in Gregory ' s series .
Since the arc Tan 1 is equal to TI/4 , substituting in the
2 4 I also wrote a
TI= 1 - 1 + 1 - 1
4
3
~
7
program for this series and found that this still required

+···.

series gave:

a great deal of cal culation .

Taking the first fifty

terms the result was 3 . 12159465 .

The series converges

much slower in the next fifty terms .
In 1706 John Machin obtained 100 decimal places
by using Gregory's series in this way .
and B=arc tan 1/239 .

He let A=arc tan 1/5

He then applied a trigonometric iden-

tity and the Gregory series to Tan (4A-B) .
to equal 1 .
22

This came out

The tan TI/4 is also equal to one therefore
Eves, op . cit . , p. 92 .

2 3Ibid.
2

4Glenn and Johnson, op . cit . , p . 39 .

17
rr

=4

arc tan 1 - arc tan 1
4
S7
239
2
This is the series he used . 5
In 1719 the French mathematician DeLagny obtained
112 correct places by u s ing Gregory ' s series with x =

JI73 .

It was at this time that the symbol rr was used by
the early English mathematicians William Oughtrod ,
Issac Barrow , and David Gregory to designate the circumference , or periphery , of a circle .

The first to use the sym-

bol for the ratio of the circumference to the ·diameter was
the English writer , William Jones in a publication in 1706 .
The symbol was not generally used in this sense , however ,
until Euler adopted it in

1737 . 2 7

With the advent of modern times , there was an unprecedented increase in pseudo - mathematical activity .
During the eighteenth century all scientific academies of
Europe saw themselves besieged by circle-squarers, trisec tors, and duplicators who were loudly clamoring for recognition of their epoch-making achievements .

I n the second

half of that century the nuisance had become so unbearable
that, one by one , the academies were f orced to discontinue
the examination of the proposed solutions .

The first to

inaugurate this policy was the French Academy in

1755 .

To

its published resolution there was attached an explanatory

25H arris,
.
op . cl• t ., p . 24 •
26

Eves, op . cit ., p . 93 .

27 Ibid .

26

18
note written by the great Cordorcet.

The following are

exeerpts from this interesting document:
11

The Academy had resolved this year
not to examine in the future any solution
of the problems of the doubling of the cube,
the trisection of the angle and the squaring
of the circle, or of any machine which lays
claim to perpetual motion •••• We have thought
it to be our duty to account for the reasons
which have led the Academy to adopt this decision •••• An experience extending over more
· than seventy years has demonstrated that those
who ·send in solutions of these problems understand neither their nature nor their difficulties, that none of the methods employed by
them could ever lead to solutions of +,hese
problems, even were such solutions attainable.
This long experience has convinced the Academy
of the little value that would accrue to science, were the examination of these pretended
· solutions to be continued.
There are still other considerations that
have determined this decision. A popular rumour has it that the Government has promised
considerable rewards to one who would first
solve the problem of squaring the circle ••••
On the strength of this rumour, a multiple
people, much greater than is commonly believed,
have given up useful work to devote their time
to this problem which often they do not understand, and for which none of them possess the
requisite preparation. Nothing could, therefore,
serve better to discourage these people than
this declaration of the Academy. Some of these
individuals, b eing unfortunate enough to believe
that they have been successful, have refused to
listen to the criticism of geometers, often because they could not understand it, and have
finished by a~9using the examiners of envy and
bad faith....
'
Johann Lambert a German mathematician in 1761
proved that

rr

is irrational.

He proved this by showing

basically that if x is rational but not zero, then the
Tan x cannot be rational.

28 nan t .

~ig,

Since tan

op.ci•t ., p.

24.

rr/4

=1

it followed

19
that TI, or TI cannot be rationa1 .

29

4

Another mathematician, William Rutherford of England, in 1841 calculated TI to 208 places of which 152
were later found to be correct .

In 1853 Rutherford ob-

tained 400 correct decimal places .
A

= arc

= arc

tan 1 , B

s

tan 1 and C
70

He let

= arc

tan 1 .

Using

99

the idea that John Machin had used earlier Rutherford
used Tan {4A - B - C) .

Using trigonometric identities

and the Gregory series one will find that this will work
out to equal 1 .
TI

4

Tan TI is also equal to one there f ore :

4

=4

arctan 1 - arctan 1 + arctan 1 . 3°
70
99

s

In 1844 Zacharias Dase found

TI

correct to 200

places using Gregory's series in connection with the relation :

2!/4 = arc tan {1/2) + arc tan {1/5) + arc tan {1/8)
In 1873 William Shanks of Engl a nd , using Machin ' s

formula, computed TI to 707 places . 3

1

F . Lindemann, a German mathematician, in 1882
published a proof that

TI

is a trancendental number .

He

based his work on methods devised previously by the French
mathematician C. Hermite, who in 1873 had shown the number
e to be transcendental . 3 2

The importance of Lindemann's

29 Howard Eves and Carroll V. Newsom , An Introduction
to the Foundation and Fundamental Concepts of Mathematics
TChicago : Holt , Rinehart and Winston , 1965T; p . 67 .
30Harris , op . cit ., p . 28 .
1
3 Eves, op . cit ., p . 93
2
3 oystein Ore , Number Theory and its History{New York:
McGraw- Hill Book Co ., 1948) , p . 345 . ~- ~~

20
publication is the f a ct that by proving n a tranc e ndental number it me ant that squaring the circle was impossible .33

This is true because n is not the root of any

algebraic equation with rational coefficients.

All ruler

and compass constructions, however, are geometric equivalents of first and second degree algebraic equations and
combinations of such. 34
In the twentieth century by 1946, D. F. Ferguson
of England discovered errors, starting with the 528th
place, in Shank's value for TI.
a corrected value to 710 places.

In January 1947 he g ave
In the same month

J. W. Wrench, Jr., of America published an 808 place value
of TI.

Ferguson soon found an error in the 723rd pl a ce.

In Januaryl948, Ferguson and Wrench jointly published
the corrected and checked value of TI to 808 places.
Wrench used Machin's formula whereas Ferguson used the
formula:

TI/4

=3

arc tan (1/4) + arc tan (1/20) + arc tan

(1/1985). 3 5
In 1949 the electonic calculator, the ENIAC, at
the Army Ballistic Research Laboratories in Aberdeen,
Maryland, in about 70 hours, gave TI to 2035 places,
checking the Ferguson-Wrench result on 808 places.3 6
33E. T. Bell, The Queen of the Science (Baltimore:
Williams and Wilkins co:-;-1931), P: 100.

3~dward Kasner and James Newman, Mathematics and
the Imagination (New York: Simon and Schuster, 1940), p:-71.
35Eves, op.cit., p. 95.
36 1bid.

21
Francois Genuys, in Paris, using an IBM 704 computed

TI

to 16,167 places in 1959.

lowed in 1961 by computing

TI

Wrench and Shanks fol-

to 100, 265 decimal places

using an IBM 7090.37
By using advanced mathematics and other important
ideas, man has increased the number of decimal places of
TI.

With the computer, man is finally able to compute

TI

to any desired number of places.

37Howard Eves, An Introduction to the Histort of
Mathematics (Chicago: Holt, Rinehart ana:-w1nston, 19 4T;" p. 96.

CHAPTER V
EVALUATION OF PI BY PROBABILITY
Several of the most interesting ways of determining
the value of rr is with the use of probability and statistics.

Although the value of rr that is found in these ex-

periments is not so accurate as was found in earlier
determinations, it is surprising that they compare as
close as they do .
In 1760 Comte de Buffon devised his famous needle
problem by which

TI

may be determined by probability methods .

This is basically what he did to perform this problem .

He

marked on a large sheet of paper a series of parallel lines
two inches apart .
inch long .

He then cut several sticks, each one

Dropping the sticks from about one foot above

the ruled paper and totaling the number of sticks that
crossed or touched a line, he then divided this total by
the number of sticks dropped .

Theoretically , according to

the laws of probability, the value of

TI

was obtained . 3 8

If the sticks are not equal to one half the distance between the parallel lines, a different formula is
needed .

This formula can be derived by considering any

stick of length (b).

38Glenn

The distance between parallel lines

and Johnson , op . cit . , p .

22

40 .

23
is (a) .

The angle made with the needle and a perpendicu-

lar to the parallel lines must also be considered .

By

using this with more assumptions and an integration, the
probability that the stick will cross the line is 2b
rra

2b
rra

is equal to the number of intersections (K) divided by the
number of tosses (N) .
2b
rra
TI'

=K
N

= 2bN
aK

39

In doing this needle problem I used match sticks
u . 2 cm . in length .
was 5 . 3 cm .

The distance between parallel lines

Ninety-eight out of two hundred tosses crossed

a line .

TI'

= 2(~ . 2)
•3

(200)
( 98)

'

= 3 • 23

In 1901 an Italian named Lazzerini found a very accurate
result in 3408 tosses .

He found rr correct to six decimal

places . 40_
The second experiment is one in which a Monte Carlo
method is used to evaluate rr .

Consider the equation of a

circle with a radius of 1 at the origin .

x

2

+ y2

(1,0)

-+-----....__

3 9 Harris , op . cit ., pp . 30-31 .
4°Eves , 1955 copyright, op . cit ., p . 93.

=1
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The area of that portion of the circle in the first qua1
2
rr
drant is
rrr • When r = 1 the area is
The area of

4.

4

the square is 1.

The ratio of the circular sector to the
TI•
4·1·

•

area of the square is

If we consider a point (x,y) in the square and
substitute its coordinates into the equation x

2

+ y

2

=1

If x 2 + y 2 < 1 then the

there are three possibilities.

If x

point (x,y) is inside of the circle.

2

2

+ y

+ y

2

2

= 1,

> 1 , th en

then the point is on the circle.

If X

the point is outside the circle.

If we have a large number

of points scattered throughout the square, the proportion of those points inside the circle to the total

a=

number of points if

1.

In order to find a way of scattering points at
random, I used a telephone directory.

I opened a direc-

tory to any page and chose two columns of numbers.

.From

each number I chose the third and fourth digit and placed
a decimal in front.

Thus, if the first number in one

9-9658, we shall obtain x

column is

number in the second column is

=

3-5305,

.65.

If the first

we let y =

.30.

In this way we have found the point in the square,

(.65,.30).

Since x

2

+ y

2

< 1, the point is inside the

circle.

The nex~ pair of numbers might be

3-4983

3-3502.

In this case, x

=

If

x

2

+ y

2

=1

.98

and y

= .50.

and

or if either x or y is O, we shall not count

25

-

the number pair .

Also if a telephone number is immedi-

ately repeated , we shall use it only once . 4

1

With the help of a table of squares , it was easy
to determine whether a point fell inside or outside the
circle .

The ratio of all points (M) that fell within a

circle to all points (N) is equal to the ratio
M: N

= H=l

1T

1.

4

With the help of several students , we were able to use
1400 random points .

Of these , 1144 fell within the cir-

cle .

_J._J.44 -

1T

1400 - 4
1T

= 3. 27

The following is a table of their results .

Each

group consists of one hundred telephone numbers .

•

4 1 Frederick H . Young , Random Number Mathematical
Induction Geometric Numbers(Chicago : Ginn and Co ., 1962) , p . 6 .
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PI

IN

OUT

1.

83

17

4 x . 83

3 . 32

2.

81

19

4 x . 81

3. 24

3.

82

18

4 x . 82

3 . 28

4.

86

14

4 x . 86

3 . 44

5.

88

12

4 x . 88

3.52

6.

70

30

4 x . 70

2 . 80

7.

77

23

4 x . 77

3. 08

8.

85

15

4 x .85

3. 40

9.

81

19

4 x . 81

3 . 24

10 .

88

12

4 x . 88

3 . 52

11 .

82

18

4 x . 82

3 . 28

12 .

80

20

4 x . 80

3 . 20

13 .

76

24

4 x . 76

2. 94

14 •

85

15

4 x . 85

3 .40

• 785 would have given the ,best result of 3. 14 .
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Mr. R. Chartres in the Philosophical Magazine
of 1904 on page 315 wrote about the evaluation of
prime numbers.

TT

with

He demonstrated that if two numbers are

written down at random, the chance that they will be
prime to each other is

§2 .4 2

We located random numbers

TT

with the use of the telephone directory as in the preceeding experiment.

From 1000 pairs of random numbers,

614 of them were prime.

~

6

TT2- 1000
TT

2

TT2

=

6000

014

= 9.77198

TT = 3.13

The following table shows the results for every one hundred pairs of random numbers.

2
4 Edward Condon, Curiosities of Mathematics,
Little Blue Book No. 867(Girard, KansaS: Haldeman-Julius
Co., no date given), pp. 18-19.
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PRIME

NOT PRIME

PI

1.

56

44

3.27

2.

60

40

3.16

3.

62

38

3.12

4.

61

39

3.14

5.

61

39

3.14

6.

62

38

3.12

7.

62

38

3.12

8.

64

36

3.06

9.

62

38

3.12

10.

61

39

3.14
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The chance that the distance between two p oint s
chosen at random within a square shall be less than a
side of the square is rr

1

= !~ .

43

In this problem I let

be the length of the edge of the square .

I

used the

telephone directory again as wa s explained earlier to
find ordered pairs .
o~dered

Supposing that we are given the

pairs (x , y ) and (x , y ) .
2 2
1
1

The distance be -

tween these two points is found by using the distance
formula • .

If thi s distance is less than 1 then the line segment
containing the two points as endpoints is less than the
leng th of the edge of the square .
Let (K) be the number of the line segments whose
lengths are less than the edge of the square and (N) be
the number of line segments chosen at random .

~+1t=rr
In 500 line segments 487 were found to be shorter than 1 .
487 + 13 -

soo

b

-

. 974 + 2. 167
3. 141

TI'

= 'IT

= 'IT

The following table shows the results when considering groups of one hundred .

43Ibid . , p . 17 - 18 .
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DISTANCE IS LESS THAN ONE

Tr

1.

96 out of 100

3.127

2.

97 out of 100

3.137

3.

97 out of 100

3.137

4.

98 out of 100

3.147

5.

99 out of 100

3.157
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This experiment involves throwing a cube at random upon a table marked with equidistant parallel lines.
The diagonal of the cube must be less than the distance
between the parallel lines .

Let (a) be the edge of the

cube and (c) the distance be tween the parallel lines .
The chance that the cube will rest without covering any
part of the lines is 1 -

~ . 44

Suppose (K) represents

the number of cubes not touching a line and (N) represents the number tossed .

(~
Tl

- l)rrc

= -4a

= ____,-4a
___
(~

- l)c

I did this experiment with thirty cubes until I
had 600 tosses .

A cube did not touch a line 192 times .

The length of the edge was . 9 cm . and the distance between parallel lines was
Tl

Tl'
Tl

rr

1.7

cm .

= -4 ( •9)

l . 7(g6~
= - 3. 6

- 1)

1 . 7(- . 68)

= - 3. 6
=

- 1 . 156
3. 114

Here are two more experiments that would give
the value of rr .

44rbid
.,
.- -

The chance that two points chosen at

p.

is .

32
random inside a circle shall be further apart than the
radius of the circle is 3VJ

45

4rr

A line crosses a circle at random.

The chance

that a point, taken at random within the circle, shall
be distant from the line by less than the radius of the

. 1 e is
. 1 - rr.
2
circ
3

46

In closing the material on probability I must
mention Professor Wolff, a Swiss astronomer, who also
made a determination of rr by using probability.
vided the floor of a room into equal squares.

He di He took

a needle equal in length to the edge of the square and
cast it haphazard on the floor, 10,000 times.

Wolff's

result for rr is correct to three decimal places.

The

theory is that the probability that the needle will lie
entirely within one of the squares is rr - 3.47

45Ibid.

46 rbid .
4?Ibid., P• 19.

CHAPTER VI
INTERESTING ANECDOTE
The history of TT would not be comple te without
mentioning t h is cont ribution that, in itself, did not
add much to the evaluation of TT but did add t o the interesting history of TT.

In

1897 the Indian State

Legislature t ried to determine the value of
le g islation with House Hill No. 246.

TT

by

In Section I

of the bill we read:
Be it en a cted by the General Assembly of
of the State of Indiana: It has b een found
that a circular area is to the square on a
line equal to the quadrant of the circumference, as the area of an equilateral rectangle is to the square on one side•••.
The bill passed the House, but because of some newspaper
ridicule, was shelved by the Senate, in spite of the
energetic backing of the State Superintendent of Public
Instruction.

8

From this,

4 Eves,

TT

would be four.4

8

1955 copyright, op.cit., p. 95.
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CONCLUSIONS
The early civilizations knew about the number
and men tried to express it in a rational form.

v,

As the

knowledge of mathematics increased, so did the accuracy
of rr.

From physical measurements, to the classical

method, and to the infinite series, man each time had
increased the number of correct decimal places of rr.
Finally with the computer, man has reached a point where
it seems possible that rr can be evaluated to any desired number of correct decimal places.
If no more than ten places are ever needed in
the most precise work, why has so much time and effort
been devoted to the calculation of rr?

First, by studying

infinite series, mathematicians hoped they might find
rome clue to its transcendental nature.

Second, the

fact that rr, a purely geometric ratio, could be evolved
out of so many arithmetic relationships with apparently
little or no relation to geometry, was a never-ending
stimulus to mathematical activity.
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